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Abstract 

We refine Epstein’s method to prove joint concavity/convexity of matrix trace 
functions of Lieb type Tr and symmetric (anti-) norm 

functions of the form ||/(<h(A p ) a 4r(LU))||, where 4> and 4' are positive linear 
maps, cr is an operator mean, and /(x 7 ) with a certain power 7 is an opera¬ 
tor monotone function on (0, 00). Moreover, the variational method of Carlen, 
Frank and Lieb is extended to general non-decreasing convex/concave functions 
on ( 0 , 00) so that we prove joint concavity/convexity of more trace functions of 
Lieb type. 
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1 Introduction 

In the present paper we consider two-variable matrix functions 

F(A, B ) = f($(A p ) 1 / 2 V{B q )$(A p ) 1 ' 2 ), ( 1 . 1 ) 

F(A,B) =f (*(#>) a*(B«)), (1.2) 

where A, B are positive definite matrices, p, q are real parameters, 4>, 4/ are (strictly) 
positive linear maps, cr is an operator mean, and / is a real function on ( 0 ,oo). The 
problem of our concern is joint concavity/convexity of trace and norm functions of such 
F(A, B ) as above. The problem originated with seminal papers of Lieb pVj and Epstein 
[10 ] in 1973. In [IT], motivated by a conjecture on Wigner-Yanase-Dyson skew infor¬ 
mation, Lieb established the so-called Lieb concavity/convexity for the matrix trace 
function ( A , B ) 1 —> Tr X*A p XB q , that is a special case of (II.lj) when <3> = X*-X, 4/ = id 
and f(x) = x. An equivalent reformulation is Ando’s matrix concavity/convexity of 
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(A, B) t-)- A p <g) B q in p]. On the other hand, in [TU] Epstein developed a complex func¬ 
tion method using theory of Pick functions, called Epstein’s method, to prove concavity 
of the trace function A i—» Tr (X*A p X) 1 / p . 

In these years, big progress in the subject matter has been made by several authors. 
For instance, in mu Carlen and Lieb extensively developed concavity/convexity of 
the trace functions of the forms Tr ( X*A P X) S and Tr ( A p + B p ) s of Minkowski type. 
Very recently, in [7] they with Frank made the best use of the variational formulas 
discovered in (9] to obtain concavity/convexity of the trace functions 

(. A , B) ^ Tr ( A p/2 B q A p/2 ) s , (1.3) 

a special case of the trace functions of (II.Hi with f(x) = x s . In our previous pa¬ 
pers [m Q3] we rehned Epstein’s complex function method to prove joint concav¬ 
ity/convexity results for the trace functions of ( 11 . 11 ) and for the norm/trace functions 
of (II.2p in the case f{x) = x s . For additional relevant results see [7j [9j [14] and refer¬ 
ences therein. Moreover, it is worth noting that our problem on concavity/convexity of 
(11.31) also emerges from recent developments of new Renyi relative entropies relevant 
to quantum information theory. That is closely related to monotonicity of those rela¬ 
tive entropies under quantum channels (i.e., completely positive and trace-preserving 
maps), as mentioned in the last part of [7] (see also [2] and references therein). 

The present paper is a continuation of [12] [14]. In Sections 2 and 3 we further 
refine Epstein’s method used in [ 12 , HI] and prove concavity/convexity theorems for 
the trace functions of ( 11 . 11 ) and for the symmetric (anti-) norm functions of (II. 2 ft when 
/(x 7 ) with a certain power 7 is an operator monotone function on (0, 00 ). In Sec¬ 
tion 4 we present a general method to passage from concavity/convexity of symmetric 
(anti-) norm functions to that of trace functions, and apply it to obtain some general 
concavity/convexity result for the trace functions of (1 1.2 [) . I 11 Section 5 we extend 
the variational method in j9[|?] to general non-decreasing convex/concave functions on 
( 0 , 00 ), which enables us to obtain more concavity/convexity theorems for the trace 
functions of (II.ip . To do this, we provide, in the appendix, some variational formulas 
for such functions on ( 0 , 00 ), which might be of independent interest as a theory of 
conjugate functions (or the Legendre transform) on ( 0 ,oo). 

2 Trace functions of Lieb type with operator mono¬ 
tone functions 

For each n G N the n x n complex matrix algebra is denoted by M n . We write 
:= {A G M n : A > 0}, the n x n positive semidefmite matrices, and P n := {A G 
M n : A > 0}, the n x n positive definite matrices. The usual trace on M r , is denoted 
by Tr. A linear map <L : M n —>■ is positive if A G implies $(A) G M/, and it 
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is strictly positive if A G IP n implies <L(A) G P/. A positive linear map <3> : M n —y M; is 
strictly positive if and only if <L(/ n ) G P i, where I n (or simply I) is the identity of M„. 

A real function h on (0, oo) is said to be operator monotone (resp., operator monotone 
decreasing) if A < B implies h(A) < h(B ) (resp., h(A) > h(B )) for A, B G P„ of any 
n G N. Obviously, h is operator monotone decreasing if and only if — h is operator 
monotone. 

Let n,m,l G N and p, q G R. Assume that (p,q) ^ (0,0); otherwise our problem 
is trivial. Let / be a real function on (0,oo). Throughout the paper, unless other¬ 
wise stated, we assume that <f> : M n —>■ and T : M. m —y are strictly positive 

linear maps. The aim of this section is to prove the next theorem concerning joint 
concavity/convexity of the trace function of Lieb type 

(A, B ) G P n x P m i — > Tr /($(A p ) 1/2 tf (B ? )$(A P ) 1/2 ). (2.1) 

The result was announced in the concluding remarks of jjHj. Our strategy for the proof 
is to improve so-called Epstein’s method [lOj that was also used in our previous papers 

Theorem 2.1. Assume that either 0 < p, q < 1 or —1 < p,q < 0 (hence p + q > 0 or 
< 0 from the assumption (p, q) ^ (0, 0 )). Let f be a real function on (0, oo). If f(x p+q ) 
is operator monotone (resp., operator monotone decreasing) on (0, oo), then (12.11) is 
jointly concave (resp., jointly convex). 

When f(x) = X s with s G M, we have an important special case 

(A, B) G x P m i—» Tr {$(A p ) 1/2 T(5 9 )<h(A p ) 1/2 } s . (2.2) 

The most familiar case where $ = T = id is 

(A, B) G P n x P n ► Tr ( A p/2 B q A p/2 ) s . (2.3) 

Theorem 12.11 improves [ 14l Theorem 2.1] as follows: If either 0 < p, q < 1 and 0 < s < 
l/(p+q), or — 1 < p, q < 0 and l/(p + q) < s < 0, then (I2.2[) is jointly concave. If either 
0 < p, q < 1 and —1 /(p + q) < s < 0, or — 1 < p,q < 0 and 0 < s < — l/(p + q), then 
(12.211 is jointly convex. The concavity assertion, together with [131 Proposition 5.1 (2)], 
says that (12.3p is jointly concave if and only if either 0 < p, q < 1 and 0 < s < l/(p + q), 
or —1 < p, q < 0 and l/(p + q) < s < 0. This characterization result was recently 
established in [7j as well. On the other hand, the convexity assertion was extended to 
a wide variety of (p, q, s ) in [7] (and also in Section 5 of this paper). 

A corollary of Theorem 12.11 is 

Corollary 2.2. Assume that <3> : M„. —> M; and T : M m —> M; are unital positive 
linear maps. Let 0 < a < 1. If f is operator monotone (resp., operator monotone 
decreasing) on (0, oo), then 

(A, B) GP„xP ra —> Tr / (exp{a<h(log A) + (1 - o)T(log5)}) 
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is jointly concave (respjointly convex). 


Proof. We may assume that 0 < a < 1. 


Be P 


mi 


It is easy to see that for every A e P n and 


lim$(A“ r ) 1/r = exp (a $ (log A)), lim qr(B (1 ~ a ^ r = exp((l - a)tf(log£)), 

r\0 r\0 

from which it is also easy to verify (see the proof of [[15j Lemma 3.3] for instance) that 

{<h(A“ r ) 1 / 2 'h(i? ( 1 _ " )r )$(A Q!r ) 1/2 } 1/r 

= {($(A Qr ) 1 /r ) r/ 2 ('h(i? ( 1 _Q)r ) 1 /r ) r (<I)(A Qr ) 1//r ) r/2 } 1/r 


exp{a<L(log A) + (1 


a) (logS)} 


as r \ 0. Hence the corollary follows by taking the limit of the concavity/convexity 
assertions of Theorem 12.11 applied to p = ar and q — (1 — a)r, since f(x^ p+q ^ r ) = 
f(x). □ 

Proof of Theorem \2.1[ First, the convexity assertion follows by applying the concavity 
one to —/. So what we need to prove is that if h is an operator monotone function on 
(0, oo) and if either 0 < p, q < 1 or —1 < p,q < 0, then 

(A, 5) 6 F„ x P m i —> Tr h({${A p ) 1/2 y{B q )$(A p ) 1/2 } 1/{p+q) ) (2.4) 

is jointly concave. Recall HH Theorem 1.9] that an operator monotone function h on 
(0, oo) admits an integral expression 

h(x) = h(l) + bx + f — - ^ ^ d/j,( A), 

./[0,oo) x + a 

where b > 0 and /i is a finite positive measure on [0, oo). To prove the assertion, 
it suffices to show that f!2.4p is jointly concave when h(x) = const., h(x) = x, and 
h(x) = x/(x + X), X > 0, separately, and (12.4j) is jointly convex when h(x) = l/(a: + A), 
A > 0. When h(x) = const., the assertion is trivial, and when h(x) — x it is contained 
in m Theorem 2.1], For the case h(x) = x/[x + A), it is trivial when A = 0 so 
that h(x) = 1, and when A > 0, by considering h(Xx) it suffices to show the case 
h(x) = x/[x + 1) = (1 + x -1 ) -1 . For convexity of (12.41) for h(x) = l/(x + A), when 
A > 0, by considering h(Xx) = A _1 (l — x/(x + 1)) the assertion is reduced to concavity 
for h(x) = x/(x + 1), and when h(x) = l/x it is in [14, Theorem 2.1], Thus, it suffices 
to prove that if either 0 < p, q < 1 or — 1 < p, q < 0, and if A, H e M n and B, K e M m 
are such that A, B > 0 and //. K are Hermitian, then 

Tr (.f + {$((A + xH) p y/ 2 ^((B + xK) q )$((A + xH) p j 1 / 2 }- 1 /^))- 1 < 0 (2.5) 
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for every sufficiently small x > 0 . 

Here it is worth noting that although [TH, Theorem 2.1] has been referred to in 
the above discussion, it is in fact unnecessary in our proof of the theorem. Indeed, 
once (12.51) is proved, joint concavity of (12.41) for h(x) = x and joint convexity of (12.41) 
for h(x) = 1/x are obtained by taking the limits Xx/(x + A) —> x as A —> oo and 
A _1 (l — x/(x + A)) —> 1/x as A \ 0, which are the cases we referred to from [TT1 
Theorem 2.1] in the above. 

Now, assume that 0 < p, q < 1 (and p + q > 0). Let A, H, B, K be as in (12.5p . and 
set X(z) := zA + H and Y (z) = zB + K for z E C. As in the proof of [Hj Theorem 
2 . 1 ], we see that the function 

F(z) : = $(X(zY) 1/2 'l>(Y( y z) q )<l>( y X(zy) 1/2 

is a well-defined analytic function in the upper half-plane C + , for which 

cr(F(z)) C {( 6 C : ( = re l6 , r > 0, 0 < 6 < 771 }, z 6 C + , 

where 7 := p + q E (0, 2] and a(F(z)) is the set of the eigenvalues of F(z). Therefore, 
F(z)- 1 ^ is well-defined in C + via analytic functional calculus by C -1 ^ 7 = r~ l ^e~ ie ^ 
for ( = re l6 (r > 0, 0 < 6 < 77 r) so that a{F{z)~ 1 ^) is included in the lower half¬ 
plane C~ for all z E C + . Hence the function (z -1 / + F(z )^ 1// ' y )~ 1 is a well-dehned 
analytic function in C + for which a ((z -1 / + F(z) _1/,7 ) _1 ) C C + for all z E C + , so 
Tr (z _1 + F(z ) _1 / 7 ) _1 E C + for all z E C + . Furthermore, one can choose an R > 0 
such that xA + H > 0 and xB + K > 0 for all x E (i?, 00 ). Then F(z) in C + is 
continuously extended to C + U ( R , 00 ) so that 

F(x) = $((xA + Hyf^^xB + K) q )^((xA + H) p ) 1 ' 2 

= x 7 <f>((4 + x-'Hyy^dB + x~ l K) q )$((A + x^Hy) 1 ' 2 , x E (R, 00 ). 

Therefore, for every x E (A, 00 ) one has 

(af 1 / + F{x)~ 1 ^)~ 1 

= x (/ + {$((4 + x~ x HY) 1/2 ^ {(B + x” 1 K) q )$((A + x- l HY) l/2 }- l ^y\ 

Since Tr {x~ l I + F{x)~ 1 ^' 1 )~ l E M for all x E (R, 00 ), by the reflection principle we 
obtain a Pick function ip on C \ (— 00 , A] such that 

ip(x) = Tr (x -1 / + F(x)' 1 / 7 )^ 1 , x E (R , 00 ). 

Thus, for every x E (0, R _1 ) we have 

xipix- 1 ) = Tr (/ + {$((4 + aTJf) 1 / 2 T((H + xX) 9 )<f>((4 + xHy) 1 / 2 }- 1 ^ 1 . 
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Now, in the same way (using Epstein’s method) as in the proof of [HI Theorem 2.1], 
it follows that 

d 2 

-j^(xcp(x *)) <0, x G (0,i? x ), 

and hence (12.5p follows when 0 < p, q < 1. 

Next, assume that — 1 < p, q < 0 (and p + q < 0). Set <S(A) := <h(A _1 ) _1 for A G P n 
and 'h(fi) := v h(i?” 1 ) _1 for B G P m . Then we can write 

{<h(A p ) 1/2 T(fi‘ ? )$(A p ) 1/2 } 1/(p+9) = {$(A- p ) 1 / 2 y(B- q )$(A- p ) 1/2 }~ 1/{p+q) . 

Although $ and T are no longer linear, the above proof of (12.51) can work with $ and 
T in place of $ and T (see the proof of [H, Theorem 2.1] for more detail). Hence we 
have (12.5p for — 1 < p, q < 0 as well. □ 

It is obvious that if p, q > 0 and / can continuously extend to [0, oo), then joint 
concavity/convexity in Theorem 12.II holds true, by a simple convergence argument, for 
general positive (not necessarily strictly positive) linear maps $, T and general posi¬ 
tive semidehnite matrices A, B. This remark may be applicable in a similar situation 
throughout the paper. 


3 Norm functions involving operator means 


A symmetric anti-norm || • ||; on is a non-negative continuous functional such that 
||AA||, = A||A||i, \\UAU% = ||A||, and \\A + B\\, > ||A||, + ||H||, for all A, B G M+, 
all reals A > 0 and all unitaries U in M^. This notion is the superadditive version of 
usual symmetric norms (see [5] for details on anti-norms). The typical example is the 
Ky Fan k-anti-norm ||A||p.j := Xp=i A;+i-j(A) for 1 < k < l, the anti-norm version of 
Ky Fan k-norm ||A||(fc) := H)=i Aj(A), where Ai(A) > • • • > A i(A) are the eigenvalues 
of A G in decreasing order with multiplicities. For every symmetric norm || • || on 
M; and every a > 0 a symmetric anti-norm on M ; + is dehned as 


Plh 



if A is invertible, 
otherwise, 


that is called the derived anti-norm (see [El Proposition 4.6]). 

Throughout this section we assume that a is an operator mean in the Kubo-Ando 
sense ng. We consider joint concavity/convexity of the norm functions 


(A,B) G P n xP m HG ||/(<h(W>T(TP))||, (3.1) 

(A, B) G P n x P m i —)■ ||/($(AP) a T(H 9 ))|| ! (3.2) 

for symmetric and anti-symmetric norms. Our main theorem is 
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Theorem 3.1. Assume that either 0 < p,q < 1 or —1 < p, q < 0, and let 7 := 
max{p, q} if p,q > 0 and 7 := minjp, q] if p,q < 0. Let f be a non-negative real 
function on (0, 00 ). If f(x 1 ) is operator monotone on (0, 00 ), then (13.2p is jointly 
concave for every symmetric anti-norm || • ||; on M/~. If f(x 1 ) is operator monotone 
decreasing on (0,oo), then (13.11) is jointly convex for every symmetric norm || • || on 
M z . 


Note that the above theorem contains m Theorem 3.2] as a particular case where 
f(x) = x s . Also, the theorem gives an extension of [ID, Corollary 3.6] when a is the 
arithmetic mean. The following is the special case where B = A, T = $ and q — p, 
which extends [HI Theorem 4.1]. 

Corollary 3.2. If h is a non-negative and operator monotone function on (0, 00 ) and 
0 < p < I, then the functions ||h( < f>(A p ) 1 / p )||i and ||h($(A p ) _1 / p ) ||| are con¬ 

cave for every symmetric anti-norm || • ||i, and the functions leP„4 ||/i( < h(A p ) _1/,p )|| 
and \\h($(A-py/P)\\ are convex for every symmetric norm || • ||. 

To prove the theorem, we first give a lemma on joint concavity of the trace function. 
Note that the trace-norm is a symmetric norm and an anti-symmetric norm simulta¬ 
neously, so the lemma is indeed a particular case of Theorem 13.11 However, in the next 
section we will show that Theorem 13.11 induces joint concavity/convexity of the trace 
function for even more general functions /. 

Lemma 3.3. If 0 < p,q < 1 , 7 := max{p, q} and h is an operator monotone function 
on ( 0 , oo), then 

(A, 5) e P n x P m 1 — y Tr h({$(A p ) af(F)} 1 / 7 ) 


is jointly concave. 

Proof. We may assume that p = q. Indeed, let A 1: A 2 £ P n and B 2 £ P m , and 
assume that p > q. Since 




B 1 + B 2 
2 



bi /p + B q 2 /p y\ 


the joint concavity assertion in the case p = q implies that 


Tr h ( $ 


Ai + A 2 


a T 


B ! + B^ q 


> Tr h l $ 


A± + A 2 


a T 


i/p 


jjPp _|_ j^Q/P \ P 


1/p 


> i[Trh({$(A?)uT((Hf p ) p )} 1/p ) +Trh({$(A?)uT(( J B 1 9/p ) p )} 1/p )] 
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= ^[Trh({${A p 1 )aV(Bl)} 1 ' p ) + Tr /i({$(A?) a T(B?)} 1/p )]. 

In the above we have used monotonicity of cr and of Tr h(-). Now, let A, H G M n and 
B, K G M m be such that A, B > 0 and H, K are Hermitian. For joint concavity of the 
given trace function (when p = q), as in the proof of Theorem 12.11 we need to prove 
that 

-^Tv (I t + {$((A + xHY) a^((B + xKY)}- 1 '?)- 1 < 0. (3.3) 

Set X(z) := zA + H and Y(z) := zB + K for z G C. As in the proof of [T2j Theorem 
4.3], it is seen that the function 

F(z) := $(I(,f)a4(h(,f) 


is an analytic functions in C + , for which 


a(F(z)) C {( 6 € : ( = re l6 , r > 0, 0 < 9 < p 7 r}, z G C + . 

Therefore, F(z)~ 1 ^ p can be defined in C + so that a{F{z)~ l ^ p ) C C _ for all z G C + . 
The remaining proof of (13.3ft is similar to that of Theorem 12.11 □ 

Proof of Theorem \S.1\ Let 0 < p, q < 1 and 7 := rna x{p,q}. To prove the first 
assertion, we need to show that if h is a non-negative and operator monotone function 
on ( 0 , 00 ), then the functions 


(A, B) GP„x P m 1 —> ||/i({<h(^)uT(^)} 1 /7)|| p ( 3 . 4 ) 

(A, B) GP„x P m 1 —> ||h({<F(A- p )aT( J B-' ? )}- 1 ^)|| ! (3.5) 


are jointly concave for every symmetric anti-norm || • ||; on M z + . 

The proof below is similar to that of HI Theorem 3.2], First, note that h can 
be extended to [ 0 , 00 ) continuously, i.e., h( 0 ) := \hn x \ 0 h(x). For every Ax,A 2 G P n , 
B 1 , B 2 G P m and for every Ky Fan h-anti-norm || • 1 < k < l, there exists a rank 

k projection E commuting with $(((Ai + A 2 )/2) p ) cr'F(((i ? 1 + B 2 )/2) q ) such that 


hi <* 11 (B, + Bi 


Q\ 'I 1/7 


= TrftM SI 41 idliAVAs /+ 


{k} 

9 \ \ 'i 1/7 
E 


h(0)Tr (A - E) 


= lim TV h (7 (lE + El,)t ( (T_±_ry | (S + Eh) 

a((E + El,)>t(( B A B2 I I(£ + e/,) 


-h(0)Tr (h-E). 

















By Lemma [3731 applied to the strictly positive linear maps (E + eIi)$(-)(E + el{) and 
(E + £li)''f/(-)(E + eli) we obtain 


Tr hi { (.E + el ,)$ 


Ai + A 2 




a (tf + e/,)* 


B i + Bi 


(E + eh) 


1/7 


> - [Tr h({(£ + ehmA?) a Bf))(E + eJ,)} 1 ^) 

+ Tr h({(£ + e/,)(*(^) o’ *(£!))(£ + e/,)} 1/7 )] 

H- i[Trh({L;(<hK)a'I/( J B?)) J E;} 1 ^) + Trh({E{*{A*)aV{B«))E} 1 K)] 


as e \ 0. Since 


\](ECE) > At(C), CeM* j = 

where Aj(C'), 1 <7 < /, denote the eigenvalues of C in increasing order with multiplic¬ 
ities. We have 


Tr h({E($(A%) a T (B\))E } lh ) - h( 0 )Tr (/, - £) 

Ai 

i=i j=i 

k 

i=i 

and similarly 


Tr h({E($(^) cr m(B q 2 ))EyE) - h(0)Tr (I t - E) > ||fc({$(A?) a ^(Bf)}^ 
Combining the above estimates yields 

’A x + A 2 ' P ' 


!{*}' 


$ 


1 

> - 
- 2 L 

1 


crT 


B x + B^ q 


1/7 


{k} 


||A({*K) ° «'(B?)} 1/7 ) || w + ||*({»(A?) a *(B?)} 1/7 ) 
MOK) <T *(^)} 1/ -') t + ft({4>(Ag) a *(S|)> 1 /'') t 


m 


{k} 


where C^ for C G M ; + denotes the diagonal matrix diag(A{(C),..., A[(C)). Therefore, 
by m Lemma 4.2] we have, for any symmetric anti-norm || • ||], 


<f> 


Ax + A 2 




Bx + B 2 


1/7 
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M{*K) 'P( B i , )} 1/7 ) t + h(WA) a l'(B2)} 1/ -') t ( 
||ft({4>(Af) a >t(B;)} 1/7 )||, + IKW^S) ” 4'(B1)} 1/7 ) ||, 


) 


proving joint concavity of (13.41) . 

To prove joint concavity of (13.51) . we note that 


{$(A" P ) a T(5-")}~ 1/7 = (l>(A p ) a* T(R 9 )} 1/7 , 


where l>(A) := ^(A^ 1 ) -1 for A G P n and X a* Y := (X -1 a F -1 ) -1 , the adjoint op¬ 
erator mean. Note that Lemma 13.31 holds true when <E>, T are replaced with <£>, T, 
respectively (with a* in place of a). Hence the above proof for (13.4ft shows the asser¬ 
tion for (13.5p as well. 

Next, let || • || be a symmetric norm on M;. By applying the first assertion to the 
operator monotone function /i(x~ 1 )^ 1 and the derived anti-norm ||A||! := ||A _1 || _1 for 
AeP; (and ||A||i = 0 if A G M+ is singular), we see that 

(A,B) g P n x P m i—■» ||/i({$(^)uT(^)}- 1 ^)|p 1 , 

(A,B) G P n xP m ^ ||h({$(H-P)aT(H^)} 1 /7)||" 1 


are jointly concave, which implies the second assertion. 


□ 


Remark 3.4. In the last part of the above theorem, one can take the derived anti¬ 
norm ||.A||i := ||A _a j|~ 1 / Q with a > 0, so the second convexity assertion of Theorem 13.II 
holds for the function ||{/(<I>(A P ) a T(B IJ ))} a || 1 / Q for any a > 0 more generally than 
(13.1ft . Note that if || -1| is a symmetric norm, then || | • |°j| 1//a is again a symmetric norm 
for a > 1, but this is not necessarily so for 0 < a < 1. 


4 Passages from norm functions to trace functions 

In this section we develop an abstract method which provides passages from joint 
concavity/convexity of symmetric (anti-) norm functions to that of trace functions in a 
general form. The method is then applied to Theorem 13.II (or rather [TT1 Theorem 3.2]) 
so that we have some general concavity/convexity result for trace functions involving 
operator means. 

Let n, m, l be fixed and a function F : P n x P. m — y P; be given, for which we consider 
the following conditions: 

(a) (A , B) G P„ x P m i —y ||.F(A, R)||j is jointly concave for every symmetric anti-norm 
(a)' (A, B) E P n x P m I— y ||.F(A, -B) II {fc> is jointly concave for the Ky Fan fc-anti-norms 

II ’ ll{fc}) 1 — ^ — l- 
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(b) (A, B) G P n x P m i— y || F(A,B) 1 || is jointly convex for every symmetric norm 

(by (A, B) G P n x P m i—^ ||F(kl, 5) _ 1 ||(fc) is jointly convex for the Ky Fan fc-norms 
II • ||(fc), 1 <k<l. 

(c) (A, B) G P n x P m i —y Tr f(F(A, B)) is jointly concave for every non-decreasing 
concave function / on ( 0 , oo). 

(d) (A, B) GP„x P m i —y Tr f(F(A, B)~ ls ) is jointly convex for every non-decreasing 
convex function / on ( 0 , oo). 

Theorem 4.1. Concerning conditions stated above we have 

(a) <=► (a)' =► (b) <=► (b)' =► (d), 


(a) =► (c) =► (d). 


Proof, (a) => (a)' and (b) => (b)' are trivial, (a)' (a) follows from j5] Lemma 4.2] 

as in the proof of Theorem 13.11 and (b ) 7 =>■ (b) is similar (see |L3j Proposition 4.4.13]). 
(a) =>■ (b) follows from [ 6 J Propositions 4.6], as used in the last part of the proof of 
Theorem 13.11 

(a) =t (c). Let A\,A 2 G P n and Bi, B 2 G P m . Let «i > • • • > ai, a] > • ■ • > a] 
and «">•••> a" be the eigenvalues of F((Ai + A 2 )/2, (Bi + B 2 )/ 2), F(Ai, Bf) and 
F(A 2 ,B 2 ), respectively, in decreasing order with multiplicities. Joint concavity in (a) 
for the Ky Fan anti-norms || • ||{fc| means that 




that is, we have the weak majorization 


(—Qi; + i_j)- = i -< t 


Oi, 


+ Oil 


i= 1 


Now, assume that / is an non-decreasing concave function on (0, oo). Since —f(—x) is 
non-decreasing and convex on (—oo, 0 ), we obtain 


and hence 


i 

- E/K+i-,) 

2—1 


s-E/ 




i 


i 





/K) + /K) 

2 
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thanks to concavity of /. This means that 


Tr f F 


Ai + .A2 + B<} 


> 


Tr/(F(A 1 , J B 1 )) + Tr/(F(A 2 , J B 2 )) 


(b) =>■ (d). Let cp, a' and a" be dehned as above corresponding to F(A, B)~ l 
instead of F(A,B). Joint convexity in (b) for the Ky Fan norms || ■ \\^) means the 
weak majorization 



i 

i =1 


ff / is non-decreasing and convex on ( 0 , oo), then 




i= 1 


i=l 


a 'i + a i \ / /(«i) + /«) 


<E 

i =1 


so that 

Tr/IF 


Ai + A 2 + B<2 


-i 


< 


Tr f(F(Ai, B O' 1 ) + Tr /(F(A 2 , R,)” 1 ) 


(c) =>- (d) immediately follows from the fact that if / is non-decreasing and convex 
on ( 0 , oo), then —/(x _1 ) is non-decreasing and concave on ( 0 , oo). □ 


Corollary 4.2. Let o be an operator mean and f be a real function on (0, oo). Assume 
that either 0 < p, q < 1 or — 1 < p, q < 0 , and let 7 := max{p, q} if p,q > 0 and 
7 := minjp, q] ifp,q < 0 . ///(x 7 ) is non-decreasing and concave on ( 0 , 00 ), then 


{A, B)e P„xP ra ^ Tr /(<F(A P ) ^(B 9 )) 


(4.1) 


is jointly concave. If f{x 7 ) is non-decreasing and convex on (0,oo), then (14. ip is 
jointly convex. 


Indeed, Theorem 13.11 falso fTT! Theorem 3.2]) implies that the function F(A,B) : = 
{<F(A P ) a Tpi ? 9 )} 1 / 7 for (A, B) e P n x P m satishes condition (a) above, so by Theorem 
14.11 we have the assertions by rewriting conditions (c) and (d). 


Remark 4.3. When / is non-decreasing and concave on (0,oo), it is straightforward 
to see that the function Tr/(<F(A P ) a ty(B q )) is jointly concave in (A, B) when 0 < 
p, q < 1. Indeed, one has 


$ 


Ai + A 2 


a T 


B\ + B-} 


> 


> 


a /n£7+7(B|)\ 










thanks to joint concavity of a. Since Tr /(•) is monotone and concave on P;, we have the 
conclusion. The real merit of Corollary 14. 2 1 is that it holds under the weaker assumption 
of f{x 7 ) being concave. 


12 






















Remark 4.4. The assumptions on p, q and / for the joint concavity assertion in Corol¬ 
lary 14.21 are considered optimal from the following facts: 

• Let p,s 7 ^ 0. If A G P 2 H* Tr ( X*A P X) S is concave for any invertible X G M 2 , 
then either 0 < p < 1 and 0 < s < 1/p, or — 1 < p < 0 and 1/p < s < 0 (see |14 . 
Proposition 5.1 (1)]). 

• For the case where p = q — 1 and cr is the geometric mean, the numerical 
function f(x 1 ^ 2 y 1 ^ 2 ) must be jointly concave in x,y > 0 , which implies that / is 
non-decreasing and concave. 

• Let p,q > 0 and 7 := ma x{p,q}. For the case where a is the arithmetic mean, 
the numerical function /(x p + y q ) must be jointly concave in x, y > 0 , which 
implies that /(x 7 ) is concave. 

The next corollary gives concavity/convexity of one-variable trace functions of Ep¬ 
stein type. The first assertion (1) will repeatedly be used in the next section. 

Corollary 4.5. Let <3> : M n —>■ M; be a strictly positive linear map. 

(1) If 0 < p < 1 and f is a non-decreasing concave function on (0, oo), then 
4eP n 1 —* Tr /(<F(A p ) 1/p ) and Tr /(<f>(/r p )- 1/p ) 


are concave. 

(2) Assume that <L is CP (i.e., completely positive). If 1 < p < 2 and f is a non¬ 
decreasing convex function on (0, 00 ), then 

AeP n 1 —* Tr/(<F(A p ) 1/p ) 


is convex. 

Indeed, (1) is specialization of Corollary 14.21 to the case where B — A, 4/ = $ and 
q = p. Moreover, it is obvious that Theorem 14.11 holds for a one-variable function 
F : P n —> P; as well. Applying this to [14j Theorem 4.2] gives (2). 

In particular, Corollary 14.51 covers the result in [ 8 j Theorem 1.1] that for every 
X e M„ the function A e M+ 1 —> Tr (X*A p X) q / p is concave if 0 < p < 1 and 0 < q < 1, 
and is convex if 1 < p < 2 and q > 1 . 

Remark 4.6. Compared the above (2) with (1) it might be expected that, under 
the same assumption of (3), the function A G P n — > Tr /(4>(A _p ) _1/,p ) is convex for 
1 < p < 2. In particular, when <F = K ■ K* : M n —> M n with an invertible K G M n , 
this is certainly true since <f>(A -p ) -1 / p = (KA~ p K*)~ 1 I p = (K*~ 1 A P K~ 1 ) 1 ^ P . However, 
it is not true when $ : M n —>■ is a general CP map. For instance, let E be an 
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orthogonal projection in M„, and let $ : M„ —$■ EM n E (= M; where l := dim E) be 
dehned by 4>(Ar) = EXE for X E M„. Then the assertion applied to f(x) = X s for 
s > 1 would imply that A E P n H> Tr ^{A~ p )~ s ^ p is convex for 1 < p < 2. For example, 


let n = 2, E 


1/2 1/2 
1/2 1/2 


Ai 


1 0 
0 t 


and A 2 


t 0 
0 1 


for t > 0. We then compute 


Tr $ 




-s/p 



s 


1 


/1 I f-p\ ~ s / p 

Tr §(A- p )- s/p = Tr ^{A~ p )- s / p = f — J 

For any p,s > 0, since (1 + t)/ 2 > ((1 + t~ p )/ 2) _1 / p for t ^ 1, we see that A E P 2 i-)- 
Tr$(A _p ) _s / p is not convex. 


5 More general trace functions of Lieb type 

In this section we are concerned with joint concavity/convexity of the functions 

(A, B)eF n x P m ► Tr /($(A p ) 1 / 2 T(5 9 )$(2l p ) 1/2 ), (5.1) 

(A,B) e P„ x P m i—> Tr f{(<&(A- p ) ll2 ^(B- q )<$>(A- p ) 112 )- 1 ). (5.2) 

The form (15.21) is the rewriting of (15.ip by replacing p, q, f with — p, —q, /(x _1 ). The 
form (15.ip of trace functions was already treated in Section 2 but we here consider its 
joint concavity/convexity problem for more varieties of functions / on ( 0 , oo) and of 
real parameters p, q. Our strategy here is to extend the method adopted in [H Section 
4]. To do this, we have to prepare some technical results on variational formulas of 
trace functions, which we will summarize in Appendix A. 

We first give a lemma which will be useful in the proofs of the theorems below. 

Lemma 5.1. Assume that — 1 < q < 0. Then: 

(a) The function B E P m i— > 4 >(B q ) -1 is operator concave, and B E P m t-x T (£> -l? ) -1 
is operator convex. Hence, if f is an non-decreasing and concave (resp., convex) 
function on (0,oo), then Tr/('h(5' ? ) _1 ) (resp., Tr/('F(i?~ 9 )^ 1 ) is concave (resp., 
convex) in B E P m . 

(b) The functions 

(X, B) E Mi x P m i—x X*ty(B q )X and X*^{B~ q )- 1 X 

are jointly operator convex. Hence, if f is a non-decreasing and convex function 
on (0, oo), then Tr f(X*^>(B q )X) and Tr X*^>( y B~ q )~ 1 X are jointly convex in 
(X,B) E M z x M m . 
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Proof, (a) Operator concavity of B £ P m i— y is [HJ Lemma 3.4], and operator 

convexity of is similar, so we omit the proof. The latter assertion is immedi¬ 

ately seen from monotonicity and concavity/convexity of Tr/(•) on Pj. (Note that the 
concavity assertion for Tr f(Y(B q )^ 1 ) is also an immediate consequence of Corollary 
Mi).) 

(b) First, recall a well-known fact [13 Theorem 1] that the function (X,Y) £ 
M| x P| 4 X*Y~ 1 X is jointly operator convex. Let Wi,X 2 £ M n and B\,B 2 £ P m . 
Since B £ P m i—x T(5 9 ) -1 is operator concave by (a), we have 




Bi+Jhy' J < ^(Bp-' + ViB*)- 1 


and hence 

< ^ X 1 + X 2 y^ T(E 1 9 )- 1 + T(E|)- 1 y 1 ^ X 1 +X 2 ^ 

2 

thanks to joint operator convexity mentioned above. For the latter function, since 
((fix + B 2 )/2)~ q > (Bf q + Bf q )/ 2, we have 


.^ Bi + gx -y 1 < ^(V) + »(V) 


and thus the assertion follows as above. The latter assertion is immediate as in (a). □ 


The next theorem gives a sufficient condition for (15.11) and (|5.2[) to be jointly concave. 


Theorem 5.2. Let f be a non-decreasing (resp., non-increasing) function on (0, oo) 
and 0 < p, q < 1. If either f(x 1+p ) or f(x 1+q ) is concave (resp. convex) on (0, oo), 
then the functions (ED and (15.2p are jointly concave (resp., jointly convex). 


Proof. The convexity assertion follows by applying the concavity one to —/. So we 
may confine the proof to the concavity assertion. When p — 0 and 0 < q < 1, 
the assertion reduces to concavity of B £ P m t-x Tr/(<F(/) 1 / 2 T(i? 9 ) < 3>(/) 1 / 2 ) and 
Tr/(($(J) 1 / 2 'L(i? _ ' ? )$(/) 1//2 )” 1 ). This immediately follows from operator concavity 
of x q (for the former) and from Lemma 15711 (a) (for the latter). The situation is similar 
when 0 < p < 1 and q = 0. So we assume that 0 < p, q < 1 and f(x 1+p ) is concave on 
(0, oo). For every A £ P n and B £ P m , by (b) and (c) of Lemma [A. 21 with r = p we 
have 


Tr f($(A p ) 1/2 y(B q )$(A p ) 1/2 ) = inf {Tr Y^{A p ) 1/2 ^{B q )^{A p ) 1/2 - Tr f(Y)} 
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= mf {Tr <b(A v ) l/2 Y<$>(A v ) l/2 m(B q ) - Tr/(F)}. 

Let X := {^(ApY^Y^Ap) 1 / 2 ) 1 / 2 and so Y = ^{Ap)- 1 / 2 X 2 ^(Ap)~ 1 / 2 ; thus X runs 
over all as Y does. Therefore, 


Tr f($(AP) 1/2 ^(B g )$(AP) 1/2 ) 


inf {TrX 2 ^{B q ) -Ty f($(AP)- 1/2 X 2 $(A p )- 1/2 )} 

A'eP i 

inf (Tr X^(B q )X - Tr /(X$(A P ) _ 1 X)}. (5.2 

AeP; 


Furthermore, we write 


Tr f{X^{A p )- 1 X) = Trf(((X- 1 $(A p )X~ 1 ) 1/p ) P ). 

For any hxed X e Pj, since —f(x~ p ) is non-decreasing and concave on (0, oo) by Lemma 
IA. 21 (c) with r — p, it follows from Corollary 14.51 (1) that 

A e P„ i—» -Tr f(X${A p )~ 1 X) 


is concave. Since B e P m t—Tr X^(B q )X is concave, we have joint concavity of (15.11) . 
For the function (15.21) we may replace (15.31) with 

Tr /(($(A- p ) 1 / 2 T(fi" (? )$(A- p ) 1/2 )- 1 ) = Tr /(<F(A- p )- 1 / 2 T(fi“ 9 )- 1 <F(A- p )- 1/2 ) 

= inf {Tr Xm{B~ q )~ l X - Tr f(X^(A~ p )X)}. 

For any fixed X e P/, from Corollary 14.51 (1). 

B6P m h4 Tr X^(B- q )- 1 X = Tr (( X- 1 ^(B- q )X~ 1 )- 1/q ) q 

and 

A eF n i—> -Tr f(X<S>(A~ p )X) = -Tr/(((X<F(A- p )X)- 1/p )' p ) 

are concave so that (j5.2[) is jointly concave. □ 

For the power functions f(x) = X s the range of (p, q, s ) for joint concavity of (12.21) 
covered by Theorem 15.21 is the following: 0 < p, q < 1 and 0 < s < max{l/(l + 
p), 1/(1 + q)}, or —1 < p,q < 0 and — max{l/(l — p), 1/(1 — q)} < s < 0, which 
is smaller than the best possible range covered by Theorem 12.11 (see the paragraph 
containing (12.2ft ). However, Theorem 15.21 gains an advantage that it is applicable to a 
wider class of functions /, as demonstrated in Example IA.41 On the other hand, the 
range of (p, q, s ) for joint convexity of (12.2)1 covered by Theorem 15.21 is: 0 < p, q < 1 
and s < 0, or — 1 < p, q < 0 and s > 0, which includes the range by Theorem 12.11 
The rest of the section is devoted to more results on joint convexity of (15.ip and 
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Theorem 5.3. Let f be a non-decreasing function on (0, oo) and — 1 < p < 0. Assume 
that f(x 1+p ) is convex on (0,oo). Then: 

(1) For every q G [—1, 0] U [1, 2] the function (15.11) is jointly convex. 

(2) For every q G [—1, 0] the function (15. 2b is jointly convex. 

(3) If T = id with M m = M;, then (15. 2 j) is jointly convex for every q G [1, 2], 

Proof. Let — 1 < p < 0 and / be a non-constant and non-decreasing function on (0, oo). 
Assume that f(x 1+p ) is convex on (0, oo), hence so is / . 

(1) When p = 0, (15.11) reduces to B t-G Tr/(4>(/) 1 / 2 T(I?' 3 ) < f>(/) 1 / 2 ), whose concavity 
is immediately seen. So assume that —1 < p < 0. For every A G P n and B G P m , by 
(b) and (c) of Lemma IA.1I with r = — p we have, as in the proof of Theorem 15.21 

Tr /(4>(A P ) 1/2 T(H«)$(A P ) 1/2 ) = sup{Tr<l)(A p ) 1/2 T<f)(A p ) 1/2 T(5 9 ) -Tr/(T)} 

Y&i 

= sup {Tr Xm(B q )X - Tr f(X$(A p )~ 1 X)\. (5.4) 

XGP; 

For any fixed X G P n , since f(x~ p ) is non-decreasing and concave on (0, oo) by Lemma 
IA.11 (c) with r = —p, it follows from Corollary 14.51 (1) that 

4gP„ i—» Tr f(X^{A p )~ 1 X) = Tr f(((X- 1 $(A p )X~ 1 ) 1/p )~ p ) 

is concave. Moreover, when q G [—1,0] U [1,2], the function B G P m H» Tr X^(B q )X 
is convex so that joint convexity of (15.ip follows. 

(2) When p = 0 or q = 0, the assertion is immediate from Lemma [5.11 (a). When 
— 1 < p < 0 and — 1 < q < 0, we may replace (15,4j) with 

Tr /((<F(A- p ) 1/2 T(5" ,? )<F(A- p ) 1/2 )- 1 ) = Tr/($(A- p )- 1/2 T(5- 9 )- 1 <F(A- p )- 1/2 ) 

= sup {Tr X^(B~ q )~ 1 X — Tr f(X$(A~ p )X)\. 

xeVi 

For any fixed X G P;, it follows from Corollary 14.51 (1) that 

4gP„ i—» Tr f(X$(A~ p )X) = Tr f (((X$(A~ p )X)- 1/p y p ) 

and 

Be P m i—> -Tr X^(B- q )~ l X = -Tr ((X- 1 ^(B- q )X~ 1 )- 1/q ) q 

are concave. Hence joint convexity of (15.21) follows. 

(3) When T = id and 1 < q < 2, the assertion follows similarly to the above proof 

of (2) since Tr X'F(H" 9 )” 1 Ar = Tr XB q X is convex in B. □ 

Theorem 5.4. Let f be a non-decreasing function on (0, oo) and 1 < p <2. Assume 
that f{x p ~ 1 ) is convex on (0, oo). 
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(1) If & is CP, then (15.ip is jointly convex for every q 6 [—1,0]. 

(2) //$ = id with M n = M i, then (j5.2[) zs jointly convex for every q e [—1,0]. 


Proof. Let l<p<2,—l<g<0 and / be a non-constant and non-decreasing 
function on (0, oo). Assume that /(x p_1 ) is convex on (0, oo), hence so is /. 

(1) Assume that <3> is CP. We take the Stinespring representation 

<L(F) = Kn(Z)K*, Z e M n , 

where n : M n —y M n fc is a representation and K : C nk —y C l is a linear map (see, e.g., 
[41 Theorem 3.1.2]). We have 

Tr/($(A P ) 1/2 ^(H 9 )$(A P ) 1/2 ) = Tr f(^(B q ) 1/2 Kn(A p )K*^(B q ) 1/2 ) 

= Tr f{n(A) p / 2 K*T(B q )Kn(A) p / 2 ) - a 0l (5.5) 

where «o : = /(0+)Tr (/„*, — Po) with P 0 the orthogonal projection onto the range of 
K*K. Assume that 1 < p < 2. Letting T(-) := K*T(-)K : M m —> M n fc, by (b) and (c) 
of Lemma IA.1I with r = 2 — p we further have 

Tr /($(A P ) 1/2 T(A 9 )<I>(A P ) 1/2 ) 

= sup {TrF7r(A) p / 2 T(A 9 )7r(A) p / 2 - Tr/(F)} - a 0 

Y&nk 

= sup {Tr 7r(A) 2 _1 F7r(A)2 _1 7r(A)T(A 9 )7r(A) — Tr /(F)} — a 0 
YeP nk 

= sup {TTXn(A)^(B q )n{A)X-Trf(Xn(A) 2 - p X)} - a 0 . 

X&nk 

For any fixed X e P n fc, since f(x 2 ~ p ) is non-decreasing and concave on (0, oo) by 
Lemma [A. li fe) with r = 2 — p, Corollary 14.51 11) implies that 

A e P n i—» Tv f(Xn(A) 2 - p X) 

is concave. Moreover, (A, B) e P n x P m i—* Tr X7r(A)T(£> 9 )7r(A)A 7 " is convex due to 
Lemma 15.11 (b). Here, although T is not necessarily strictly positive, we can simply 
take the convergence from strictly positive maps. Joint convexity of (15.11) thus follows. 
The case p = 2 also follows by using Lemma l5Al (b) to (I5.5[) directly. 

(2) Assume that <3> = id with M n = M/. The function (15.21) in this case is 
Tr f (A p t 2 T (B~ q )~ l A p / 2 ). As in the above proof for (15.ip we have 

Tr f{A p/2 ^(B- q )- l A p/2 ) = sup {TV XA^>(B~ q )~ l AX - Tr f(XA 2 ~ p X)}. 

xev t 

Hence the assertion follows since (A, B) e P n x P m i—* Tr X AT {B~ q )~ l AX is jointly 
convex by Lemma [5. 11 (b). □ 
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Remark 5.5. For 1 < q < 2 (resp., — 1 < q < 0) joint convexity of (15.21) holds in 
(3) of Theorem 15.31 (resp., (2) of Theorem 15.41) in a slightly more general case where 
T (resp., $) = K ■ K* : with an invertible K G M/. However, this is not 

true when T : M m —> (resp., <f> : M n —y Mj) is a general CP map. For instance, 
let — 1 < p < 0, f(x) = X s with s > 1/(1 + p), and E be an orthogonal projection in 
M n . Let T : M n —>■ EM. n E (= Mj) be as defined in Remark [4.61 Then joint convexity 
of (15. 2j) would imply in particular that B G P n i—> Tr ty(B~ g )~ s for 1 < q < 2 is 
convex. But this is not true for any q, s > 0 as shown in Remark 14.61 Therefore, (3) of 
Theorem 15.31 is not true for a general CP map T. When 1 < p < 2 and f(x) = X s with 
s > l/(p — 1), the same argument with p, $ in place of q, T works for (2) of Theorem 

E3 

We finally give the next theorem in the special case where q — 2, whose proof is 
essentially same as that of [Tj Theorem 4.2], 

Theorem 5.6. Let — 1 < p < 0 and f be a non-decreasing concave function on (0, oo) 
such that linx^oo f(x)/x = 0. Assume that f(x 2+p ) is convex on (0, oo). If q = 2 and 
<L, T are CP, then (15.11) is jointly convex. 

Proof. Assume that q = 2 and $, T are CP. Write 'L(Z) = Kit(Z)K* with a represen¬ 
tation 7r : M m —> and a linear map K : C mk —> C l , and let $(•) := K*$(-)K : 
M n —y M n fc. Then (15.11) with q = 2 is written as Tr f ( 71 (B)&(A p )n(B)) — o 0! where ao 
is as given in (15.51) . When p = —1, Tr f(n(B)^(A~ 1 )n(B)) is joint convex in (A, B ) by 
Lemma [5711 (b) . So we may assume that — 1 < p < 0. For every A G P n and B G P m , 
by Lemma IA.2l (b) we have 

Tr /($(A p ) 1/2 T(R 2 )<F(A p ) 1/2 ) 

= inf {Trn(B)Y- 1 - p 7i(B)^(A p )-TTf(Y~ 1 ~ p )}-a 0 . 

Since f(x~ 1 ~ p ) is concave on (0, 00) by Lemma IA. 21 (d) with r = 1 + p, it follows 
that L G P[ G Tr/(T~ 1_P ) is concave. Hence, by [9, Lemma 2.3] it suffices to show 
that (A,B,Y) GP„x P m x P m fc 1 —> Tr ti(B)Y~ 1 ~ p 'k(B)^(A p ) is jointly convex. When 
p = 0, this holds by [18; Theorem 1], So assume that — 1 < p < 0. Since <F is CP, we 
may write $(Z) = KH(Z)K* with a representation ix : M„ —> and a linear map 
K : £ n ~ k —y C nk . Then 

Tr 7i(B)Y~ l ~ p 7x(B)^(A p ) = Tr K*n(B)Y~ 1 - p 7x(B)K : k(A) p , 
which is jointly convex in (A,B,Y) by [T71 Corollary 2.1]. □ 

The theorems proved above of course holds also when the roles of p, <F and q, T are 
interchanged. In the case of power functions f(x) = x s we have a variety of ranges of 
(p, q, s) for joint convexity of (12.21) from the above theorems, which are listed in the 
following as well as their counterparts where p, $ and q, T are interchanged: 


19 





























(i) 0 < p, q < 1, s < 0, or — 1 < p, q < 0, s > 0, by Theorem 15.21 

(ii) —l<p<0, l<g<2, s> min{ 1/ (p + 1), 1 /(q — 1)} (with convention 
1/(—1 + 1) = 1/(1 — 1) = oo), and T is CP, by Theorems 15.31 (1) and 15.41 (1). 

(hi) 0 < p < 1, —2 < q < —1, s < rriaxjl/ (p — l),l/(g + 1)} (with convention 
1/(1 — 1) = 1/(—1 + 1) = — oo), and T = id, by Theorems 15.31 (3) and 15.41 (2). 

(iv) —1 < p < 0, q = 2, s > 1/(2 +p), and <h, T are CP, by Theorems 15.61 and 15.41 (1). 

For the function (j2.3[) (when $ = T = id), the convexity results in the cases (ii), (iii) 
and (iv) are contained in m, as seen from Tr (A p / 2 B q A p / 2 ) s = Tr (A p / 2 B q A P//2 ) s . 
Compared with the necessary conditions in [IT, Proposition 5.4 (2)], the missing region 
for joint convexity in this situation is only 

1 , , V 

— 1 < p < 0, 1 < q < 2, - < s (A 1) < min 

p + q 

and its counterparts where (p, q, s ) are replaced with (— p, —q, —s ) and/or p, q are in¬ 
terchanged. Here, note that joint convexity is known when — 1 < p < 0, 1 < q < 2, 
s = 1 > 1 /{p + q), due to Ando [I|. In connection with the above missing region, 
it might be expected that Theorem 15.61 and its proof are also valid in the case where 
—l<p<0,l<g<2 and p + q > 1. But this does not seem possible due to [3, 
Theorem 3.2], 

A Variational formulas of trace functions 

In this appendix we provide some variational formulas, which have played an essential 
role in Section 5, but which may also be of independent interest. For the convenience 
in exposition let us introduce the following classes of functions on (0, oo): 

• ■J-convex °°) i s idle set of non-decreasing convex real functions / on (0, oo) such 
that lim^o 0 f{x)/x = +oo. 

• -^concave(0, oo) is the set of non-decreasing concave real functions / on (0, oo) such 
that lirn^oo f(x)/x = 0. 

Note that affine functions ax + b (a > 0) are excluded from ^ r ( -/' nvex (0, oo), and so are 
ax + b (a > 0) from -F c 4 cave (0, oo). 

Lemma A.l. (a) For each f e J r ( ^' nV e X (0, oo) define 

f(t) := sup{xt - f{x)}, te( 0,oo). 

x>0 

Then f G °°) an d f f is an involutive bijection on ^y/' nvex (0, oo), 

f = f for all f G ^ nvex (0, oo). 


p +1 q- 1 


20 



















(b) For every f G -Convex ( f b oo) and B G M+, 


Tr f(B) = sup {Tr AB - Tr f(A)}, 

AePn 

where f is continuously extended to [0,oo). 

(c) Let f be a non-constant and non-decreasing function on (0, oo) and 0 < r < 1. 
Then /(x 1_r ) is convex on (0, oo) if and only if f G AonvexlOf °°) and f{x r ) is 
concave on (0, oo). 

Proof, (a) Let / G Ao nvex (0) oo) and t G (0, oo). Since /(0+) := lim^o +f(x) exists 
in M and xt — fix) = x(t — f{x)/x) —> — oo as x —> oo, it follows that f[t) is defined 
as a finite value. By definition it is clear that / is convex and non-decreasing. For any 
x > 0 fixed, since f(t)/t > x — f(x)/t —> x as t —> oo, we have lim^oo f(t)/t = +oo, 
so / G -T^nvfH^O, oo). To show that / / is an involutive bijection, we appeal 

to the duality of conjugate functions (or the Legendre transform) on M. For each 
/ G ^ro nvex (0, oo) we extend / to a continuous convex function / on the whole M 
by f(x) := /(0+) for x < 0. Then it is plain to see that the conjugate function 
f*(t) ■= sup xeR {xt - f(x)} is 

{ Too if t < 0, 

-/(0+) = /(0+) ifi = 0, 

I'd) if t > o. 

Due to the duality for conjugate functions, we have for x > 0, 

f{x) = sup {xt - f*{t)} = sup {xt - fit)} = fix), 
te R t> o 

(b) To prove the assertion, we may assume that B G M+ is diagonal so that B = 
diag(fe!, ... ,b n ) with b\ > • • • > b n . Since f[x) = sup t>0 {te — fit)} for x > 0, we have 

n n 

Tr fi B ) = 5^ = SUP ^2{ a i b i ~ H a i)} 

i =1 ai,...,a„>0 i=1 

sup {Tr AB -Trf (A)} 

A=diag(ai,...,a„)eP» 

< sup }fTr AB — Tr f(A)}. 

Aev n 

On the other hand, for every A G P„ with eigenvalues Gp > ■ ■ ■ > a n , since Tr AB < 
YP=i a i b i by majorization (see, e.g., [3j (111.19)], [13i Corollary 4.3.5]), we have 

n n 

Tr AB - Trf (A) < ^{aA - /(a,)} 

i=l i =1 
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and so 


sup {Tr AB - Tr f(A)} < Tr f(B). 

Ac P n 

(c) Let / be a non-constant and non-decreasing function on (0, oo) and 0 < r < 1. 
Assume that f(x) := f(x 1 ~ r ) is convex on (0,oo). Then it immediately follows that 
/ is convex on (0,oo). Since f(x 1 ~ r )/x 1 ~ r = ( f(x)/x)x r -A- +oo as x —> oo, we have 
/ E -ATO nvex (0; oo). To show concavity of f(x r ), we can assume that / is C 2 (even C °°) 
on (0, oo). Indeed, let 0 be a C°° function on R supported on [—1,1] such that (ft(x) > 0 
and f , (j)(x) dx = 1. For each e > 0 define a function f £ on (0, oo) by 

fe{x) := j 4>(t)f(xe~ £t )dt, xe(0,oo). (A.l) 

Note that this product type regularization f e is h £ (logx), x > 0, where h £ is the usual 
(additive type) regularization h £ (s) := 4>(t)h(s — et) dt of h(s) := f(e s ), sel (see, 

e.g., P, pp. 146-147], p31 Appendix A.2]). Then, f £ is C°° on (0, oo) and f £ —> f as 
e \ 0 uniformly on any bounded closed interval of (0, oo). It is clear that f £ satisfies 
the same assumption as /. Moreover, we see that f £ —> f as £ \ 0 uniformly on 
any bounded closed interval of (0, oo), whose proof is given in Lemma [A.31 below for 
completeness. So we may prove the conclusion for f £ in place of /. 

By taking the limit as x —> 0+ of the equation 

4~ fix 1 - 1 ") = (1 - r)x~ r fix 1 - 1 "), 
dx 

we see that /'(0+) = 0. We can approximate / by g e (x) := f(x) + ex 1 A 1 ~ r ) for £ > 0 
so that g £ satisfies the same assumption as / and g e (x) —> f{x) as £ \ 0. Hence we 
furthermore assume that f"{x) > 0 for all x > 0 and so f'(x) is strictly increasing on 
(0, oo). Now, compute the second derivative of /(x 1_r ) as 

^2 fi xl ~ r ) = i 1 ~ ^)^ _r " 1 {( 1 “ r)x 1 - r f"{x 1 - r ) - rffx 1 - 1 ")}, (A.2) 

and therefore 

(1 — r)x 1_T ’/"(x 1_r ) — rf\x 1 ~ T ) >0, x > 0. (A.3) 

For every t > 0, since /'(0+) = 0 and lim x^oof'(x) = lim x ^, 0 Q f(x)/x = +oo, there is 
a unique x 0 > 0 such that f\x 0 ) = t and thus xt — f(x) on x > 0 takes the maximum 
at x = xq = (/ / )” 1 (t). Hence 

/(*) = «(/')-'« -/((/')■'(*))■ 


We further compute 
d 


dt 


f(t r )=rf- 1 (f , )-\t r ) + i 


rt 


r —1 


/"((/O-Hr)) 




rt 


r— 1 
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d 


ri 


r —1 


W2 m = r(r-1) r*UTKt) + rr-' (v)) 


ri 


r—2 


r((.n-'(n) 

Letting x := ( f)~ 1 (t r ) so that t r = f'(x), we have 


{(>'-l)(/')’ 1 (i r )/"((/')' 1 (i r ))+rt''}. 


d 2 


ri 


r—2 


dt 2 W) = ~ l ) x f"( x ) + rf{x)}, 


(A.4) 


which is < 0 thanks to (IA.3[) and f"(x) > 0. Hence /(of) is concave on (0, oo). 

To prove the converse, assume that / and hence / are in J r k' nvex (0, oo). By inter¬ 
changing / with / and r with 1 — r it suffices to prove that if /(x 1_r ) is concave on 
(0,oo), then f(x r ) is convex on (0, oo). By Lemma [A. 3 1 we can assume as in the first 
part of the proof that / is C 2 on (0, oo). By approximating / by f(x) + £x 1 ^ 1 ~ r ) as 
£ \ 0, we can furthermore assume that f"(x) > 0 for all x > 0. From (1A.2|) we have 


Let 


(1 — r)xf"(x) — rf\x) <0, x > 0. 


a := f'( 0T) = lim fix) G [0,+oo). 

x— ^ 0 + 


(A.5) 


It is clear that f{t) = —/(0+) for all t G (0, a] (if a > 0). So it remains to prove that 


A/(D>0. <>„*. 


(A.6) 


When t > a 1//r , i.e., t r > a , we can define x := (/') 1 (t r ) and compute IIA.4[) in the 
same way as above. Hence (1A.6|) follows from (1A.5[) . □ 

Concerning the assertion (c) above we need in Section 5 its “only if” part only while 
we give it as “if and only if” for completeness. 

Lemma A.2. (a) For each f G J-^ ncave (0, oo) define 

f(t) ■= inf {xt - f(x)}, t G (0, oo). 

x>0 

Then f G J r A ncaV e(0, oc) and f ^ f is an involutive bijection on J r c / ^ ncave (0, oo), 
*-e-, / = / for all f G ^ ncave (0, oo). 

(b) For every f G -A/' ncave (0, oo) and B G P„, 


Tr/(H) = hif {Tr AB — Tr f(A)}. 
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(c) Let f be a non-decreasing function on (0, oo) and r > 0. If f(x 1+r ) is concave on 
(0, oo), then f G F(F ncave (0, oo) and f(x ~ r ) is convex on (0, oo). 

(d) Let f G ^dmcave(C); oo) and r > 0. If f(x 1+r ) is convex on (0, oo), then f(x~ r ) is 
concave on (0, oo). 

Proof, (a) Let / G Concave(0; 00 ) an d t G (0,oo). Since xt — f(x) is convex in x G 
(0, oo) and xt — f(x) = x(t — f(x)/x) —* +oo as x —* oo, it follows that f(t) is 
defined as a finite value. By definition, / is concave and non-decreasing. For any 
x > 0 fixed, since f(t)/t < x — f(x)/t —> x as t —> oo, we have lim^ 00 /(t)/f = 0, so 
/ G -F^ncave(0> °°)- To show that f i —y f is an involutive bijection, we extend f to f 
on the whole M by /(0) := lim x ^. 0+ f(x) (possibly —oo) and f(x) = —oo for x < 0. 
Then — / is a lower semicontinuous convex function on M, and the conjugate function 
(-/)*W : = sup xeR {xt + f(x)} is given as 

(-f(-t) if / < 0, 

(-/)*(*) = \ /(oo) (:= hm^oo f(x)) if t = 0, 

[ Too if t > 0. 

Due to the duality of conjugate functions, we have for x > 0, 

~f(x) = -f(x) = sup{xt - (-/)*(£)} = sup {xt + f(-t)} 

te R t<o 

by taking account of (—/)*(0) = /(oo) = — lim i _^ 0 + fit). Therefore, 

f( x ) = - !(-*)} = - f^)} = fi x )- 

(b) The proof is similar to that of Lemma [A. 11 (b). We may use the majorization 
Tr AB > Y^i=i a ib n +i-i f° r dL , B G P„ with the respective eigenvalues ai > ■ ■ ■ > a n 
and bi > ■ ■ ■ > b n . 

(c) Let / be a non-decreasing function on (0, oo) and r > 0. Assume that f(x) := 
f(x 1+r ) is concave on (0, oo). Then it immediately follows that / is concave on (0, oo). 
Since f{x l+r )/x 1+r = ( f(x)/x)/x r —> 0 as x —> oo, we have / G W r F ncave (0, cx)). To show 
convexity of f{x~ r ), the regularization (lA.lj) and Lemma [A.31 below can be employed 
so that we may assume that / is C 2 on (0, oo). By approximating / by f(x) T£x 1// d +r ) 
as £ \ 0, we may assume that lim x ^ 0 + f'(x) — +°° an d f "( x ) < 0 for all x > 0 and 
so f'{x) is strictly decreasing on (0,oo). Since 

f{x 1+r ) = (1 T r)x r_1 {(l T r)x 1+r f"{x 1+r ) + rf\x 1+r )}, (A.7) 

we have 

(1 T r)xf"(x) T rf'(x) < 0, x > 0. (A.8) 
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For every t > 0, since lim^o-i- f'( x ) — +°° and lim^oo f'(x) = lirn^oo f(x)/x = 0, 
there is a unique xo > 0 such that f(x o) = t and thus xt — f(x) on x > 0 takes the 
minimum at x = x 0 = (/') _1 (t). We hence have f(t ) = t(/') _1 (t) — f {(f)- 1 (t)) and, 
as in the proof of Lemma [A. 11 (c). 


d 2 „ rt r 2 

— f(t~ r ) = _—_ 

* 2 /"((/')-‘(i- r )) 


{(l + r)(/')- 1 (r r )/"((/')- 1 (r r )) + rt-q. 


Letting x := (/') r ) so that t r = f(x ) we have 


d 2 v rt r 2 

dt 2 J1 J ffx) 


{(l+r)xf"(x)+rf(x)}, 


(A.9) 


which is > 0 thanks to flA.81) . Hence f(x~ r ) is convex on (0, oo). 

(d) Assume that / G HoncaveH 00 ) and /(^ 1+r ) is convex on (0,oo). We may 
assume that / is C 2 as before. Approximating / by f(x) + £x l ti 1+r i as e \ 0 we may 
further assume that f"(x) < 0 for all x > 0. From (1A.7I) we have (1 + r)xf"(x ) + 
rf(x) > 0 for all x > 0. Let a := linx^o + f(x) G (0, +oo]. If a < +oo, then 
/(0+) := lim^o +f(x) exists in R and fit) = —/(0+) for all t > a. So it suffices to 
prove that 

^f(t~ r )<0, t~ r <a, i.e., t>a~ 1/r , 
which indeed holds since we have (1A.9P with x := () when t~ r < a. □ 


Lemma A.3. Let f G J^ nvex (0, oo) (resp., f G HHcaveH oo)) and f £ be defined by 
(EI| for each £ > 0. Then f e G HLexH °°) (resp., f e G HLave(°> °°)J and L f 
as e \ 0 uniformly on any bounded closed interval of (0, oo). 

Proof. Assume that / G HonvexH °°)- By definition (I A. 1 1) it is obvious that f e is 
non-decreasing and convex on (0,oo). It is also obvious that lim^oo f £ (x)/x = +oo 
follows from the same property of /. Hence f £ G Honvex(0> °°) f° r an y £ > 0. To 
prove the latter assertion, it suffices to show that f £ (t) —t f(t ) for every t > 0, for 
it is plain to see that a pointwise convergent sequence of convex functions on (0, oo) 
is equicontinuous on any bounded closed interval of (0,oo). Let t > 0 be arbitrary. 
Choose a £ > 0 such that f(t) = ft — /(£) (where /(0) = /(0+)). For every <5 > 0 we 
have |/ e (£) — /(£)\ < S and so f e (t)>£t**f £ (£)> fit) — 5 for any sufficiently small 
£ > 0. Hence liminf^o f e (t) > f(t). Now, suppose by contradiction that f £ {t) -ft fit) 
as £ \ 0; then there are a <5 0 > 0 and a sequence 0 < £ n \ 0 such that f £n (t) > f(t)+5 0 
for all n. Choose a sequence x n > 0 such that f £n (t) = x n t — f Sn (x n ). By taking a 
subsequence we may assume that x n —> x 0 G [0, oo]. If x 0 = 0, then 


f(t) + s 0 <L(t) 


Xnt ~ fe n ( x n) -> -/(0) < fit) 


as n —» oo, 
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a contradiction. If xq = oo, then we have a contradiction by taking the limit as n —> oo 
of f £n (t)/x n = t — f en (x n )/xn- Indeed, since f £n (t) is lower bounded, the left-hand side 
tends to 0 while f £n (x n )/x n —* +oo so that the right-hand tends to —oo. Therefore, 
xo G (0, oo), so we can assume that x n ’s are in a bounded interval [a, b\ of (0, oo). Since 
f £n f uniformly on [a, b], we have a contradiction again since 

f(t) +S 0 < X n t - f £n (x n ) -> X 0 t ~ f(x 0 ) < f(t). 

It thus follows that f £ (t) — > f(t ) as e \ 0. 

Next, assume that / G oo). We have f £ G F(F ncave ((), 00 ) f° r an y £ > 0 

similarly to the above case. For every t > 0 choose a f > 0 such that f{t) := — /(^) 

(where /(0) = /(0+) if /(0+) > —oo). For every 5 > 0 we have f £ (t) < ft — f £ (f) < 
f(t) + 5 for any sufficiently small e > 0. Hence limsup e ^ 0 f £ (t) < f(t). Suppose that 
f £ {t) y4 f{t) as e \ 0; then f £n (t) < fit ) — Jo f° r some J 0 > 0 and some sequence 
£ n \ 0. Then we have a contradiction as in the proof of the above case, whose details 
are omitted here. □ 


Example A.4. (1) Let 0 < r < 1. Besides f(x) = x s with s > 1/(1 — r) the following 
are examples of non-decreasing convex functions / such that f{x 1_r ) is convex on 
(0, oo): 

• For any s > 1/(1 — r) and a > 0, f(x) — (x — a)^_ or f(x) = ( x s — a s )+. 


• For si, S 2 > 1/(1 — r) and a > 0, 


f(x) 


x Sl if 0 < x < a , 

/ 3(x s2 — cF 2 ) + a Sl if x > a, 


where /3 > (si/s 2 )a Sl 52 . 


(2) Let r > 0. Besides f{x) = x s with 0 < s < 1/(1 + r) and f(x) = log a; 
the following are examples of non-decreasing concave functions / such that f{x 1+r ) is 
concave on (0, oo): 


• For any 0<s<l/(l + r) and a > 0, 


f( x ) 


x s — ax 

(1 — s)(s/a) s /( 1-s ) 


if 0 < x < (s/a) 1 ^ 1 s \ 
if x > (s/a) 1 ^ 1- *^. 


• For 0 < si, s 2 < 1/(1 + r) and a > 0, 


f(x) 


(3{x S2 — cF 2 ) + a Sl 


if 0 < x < cc, 
if x > a, 


where 0 < (3 < (si/s 2 )a S1 52 
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